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Lines and Linear Equations 1 

Mathematical goals 2 

This lesson unit is intended to help you assess how well students are able to: 3 

• Interpret speed as the slope of a linear graph. 4 

• Translate between the equation of a line and its graphical representation. 5 

Common Core State Standards 6 

This lesson involves mathematical content in the standards from across the grades, with emphasis on: 7 

8.EE: Understand the connections between proportional relationships, lines, and linear equations. 8 
8.F: Define, evaluate and compare functions. 9 

This lesson involves a range of mathematical practices, with emphasis on: 10 

2. Reason abstractly and quantitatively. 11 
4. Model with mathematics.  12 
7. Look for and make use of structure. 13 

Introduction  14 

The unit is structured in the following way: 15 

• Before the lesson, students work individually on an assessment task that is designed to reveal their 16 
current understanding and difficulties. You then review their work and create questions for students to 17 
answer in order to improve their solutions. 18 

• During the lesson, students work in small groups on a collaborative task, matching graphs, equations 19 
and pictures. 20 

• After a plenary discussion, students work individually on a new the assessment task. 21 

Materials required 22 

• Each student will need two copies of the assessment tasks, The Race and The Race (revisited.) It will 23 
help students if the two pages of each task are printed on separate pages.  24 

• Each small group of students will need a mini-whiteboard, a pen and an eraser, the cut up cards  25 
Graphs 1, Graphs 2, Equations, Flowing Liquid, a large sheet of paper for making a poster,  26 
and a glue stick. If using different colored paper, ensure cards Graphs 1 and Graphs 2 are printed on 27 
the same colored paper. 28 

• There are some projector resources to support whole class discussions. 29 

• If possible, a real model of two identical containers connected at the neck to demonstrate the liquid 30 
flow. For example, two identical soda bottles, connected at the neck with tape. 31 

Time needed 32 

Approximately twenty minutes before the lesson, a seventy-minute lesson (or two thirty five minute lessons), 33 
and ten minutes in a follow-up lesson or as homework. Exact timings will depend on the needs of the class. 34 

 35 

36 
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Before the lesson 37 

Assessment task: A Race (20 minutes) 38 

Have the students complete this task, in 
class or for homework, a few days before 
the formative assessment lesson. This will 
give you an opportunity to assess the 
work, and to find out the kinds of 
difficulties students have with it. You will 
then be able to target your help more 
effectively in the follow-up lesson. 

Give each student a copy of the 
assessment task The Race.  

 
  

Read through the questions and try to answer them as carefully as you can. 

It is important that students are allowed to answer the questions without your assistance, as far as possible.  

Students should not worry too much if they cannot understand or do everything, because in the next lesson they 
will engage in a similar task, which should help them. Explain to students that by the end of the next lesson, 
they should expect to answer questions such as these confidently. This is their goal. 

Assessing students’ responses  39 

Collect students’ responses to the task, and note down what their work reveals about their current levels of 40 

understanding and their different approaches.   41 

We suggest that you do not score students’ work. The research shows that this will be counterproductive, as it 42 

will encourage students to compare their scores, and will distract their attention from what they can do to 43 

improve their mathematics.  44 

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 45 

suggestions for these are given on the next page. These have been drawn from common difficulties observed in 46 

trials of this unit. 47 

We suggest that you write a selection of these questions on each piece of student work. If you do not have time, 48 

select a few questions that will be of help to the majority of students. These can be written on the board at the 49 

end of the lesson.  50 

 51 

 52 

 53 

 54 

 55 

  56 
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The diagram below shows the distance a runner is from the Starting Place and from the Finishing 
Line. 

 

4.The following equation can also be used to describe Emma's race: 

   f = -5t  + 70  f is the distance, in meters, from the Finishing Line.  
      t  is the time, in seconds, from the beginning of the race. 

 a.  Plot this line on the graph.  

 

 

 

 

 

 

On this graph the distance 
is measured from the 
runner to the finish, not the 
start. 

    
b.  Add a line to the graph that represents Maggie's race. 

c. What is the equation of this second line? 
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The diagram below shows the distance a runner is from the Starting Block and from the Finishing Line. 

 

 

4.The following equation can describe Emma's race: 

   f = -5t  + 70  f is the distance, in meters, from the Finishing Line.  

      t  is the time, in seconds, from the beginning of the race. 

 Plot this line on the graph. 

 

    
a.  Add a line to the graph that represents Maggie's race. 

b. What is the equation of this second line? 
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Common issues: Suggested questions and prompts: 

Student assumes Maggie is running the fastest 
because at five seconds her line is above Emma's 
line (Q1.) 

• During the race, does Emma or Maggie's speed 
change? 

• How can you figure out the speed of each runner? 

Students description of the race is limited 

For example: The student does not mention speed, or 
the time it took for each person to complete the race. 

• What more can you tell me about the race? 
• Does one runner overtake the other one? If so, at 

what point does this happen? 
• Who wins the race? How far ahead are they when 

they cross the finishing line? 
• What are the race times for each runner? 

Student misinterprets the scale 

For example: The student fails to notice the distance 
goes up in fives not ones (Q2 and Q3.) 

Or: The student does not notice the scales for the 
axes on the two graphs are different. 

• What is the scale on the vertical/horizontal axis 
for each graph? 

Student draws an incorrect graph (Q4) 

For example: The student draws a graph with a 
positive slope. 

Or: The student draws a slope with an incorrect        
y-intercept, e.g. f = 30. 

Or: The student draws a non-linear graph. 

Or: The student draws an incomplete graph. 

• As the race progresses will the distance, f, 
increase or decrease? How can you show this on 
your graph? 

• At the beginning of the race, how far are the 
runners from the finishing line? How can you 
show this on your graph? 

• Does Maggie run at a constant speed? How have 
you shown this speed on your second graph?  

• Your graph should represent all of the race. When 
will Emma/Maggie have completed the race? How 
can you show these points on the graph? 

Student's equations are incorrect 

For example: The student writes an equation without 
a variable for the time. 

• In words, explain your equation.  
• Does your equation describe how the distance 

changes as the race progresses? 

57 
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Suggested lesson outline 58 

Whole class introduction (15 minutes) 59 

Give each student a mini-whiteboard, a pen and an eraser.   60 

If you have a real model of two identical containers connected at the neck then use it throughout the introduction 61 

to demonstrate the liquid flow. If there is liquid in the top container then, to ensure the smooth flow of liquid, 62 

there needs to be a hole in the base of this top container.  63 

Show the class Slide 1 of the projector resource. 64 

 65 

Explain to the class that the top and bottom containers are two identical right rectangular prisms. Liquid flows 66 

from the top to the bottom. The total height of liquid in both the containers is 6 units. 67 

If the height of the liquid in the top right rectangular prism is 4 units, what is the height of the liquid in 68 

the bottom right rectangular prism? [2 units] 69 

At what height will there be equal amounts of liquid in the top and bottom prisms? [When there are 3 70 

units of liquid in each prism.] 71 

Now show Slide 2 of the projector resource.  72 

 73 

Ask students to describe in detail on their mini-whiteboards the flow of the liquid.  74 

After a few minutes ask students to show you their whiteboards. Ask two or thee students with different 75 

descriptions to explain them. Encourage the rest of the class to challenge, or add to these descriptions. 76 

Does the graph show the flow of liquid out of the top or into the bottom prism?[Top.] How do you 77 

know? 78 

What is the starting situation? [5 units of liquid in the top prism, 1 unit of liquid in the bottom prism.] 79 

Does the liquid flow at a constant speed? How do you know? [Yes, the slope is a straight line] 80 

What speed does the liquid flow at? [1 cm per second] 81 

 82 

 83 

 84 
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Then show the sequence of slides (3 to 8) of the projector resource. This visualization of the flow of liquid 85 

between the prisms should help students. 86 

1. 2. 3. 

   

4. 5. 6. 

   

You may then want to ask further questions: 87 

How can you change the starting situation so the liquid flows out in half the time? [Set the start height 88 

to 2.5 units, or double the speed of the flow of liquid, or increase the opening between the two prisms.] 89 

How can you change the starting situation so the liquid flows out in double the time? [Halve the speed 90 

of the liquid or decrease the opening between the two prisms.] 91 

Collaborative activity 1: Matching Graphs (15 minutes) 92 

Organize the class into groups of two or three students. Give each group the cards Graphs 1 and 2. Explain how 93 

students are to work collaboratively.   94 

The graphs I've given out represent the flow of a liquid either out of the top prism or into the bottom 95 

prism of the container.  96 

Take it in turns to match two cards that represent the movement of liquid in one container.  97 

Place them next to each other, not on top so that everyone can see. 98 

When you match two cards, explain how you came to your decision.  99 

Your partner should either explain that reasoning again in his or her own words, or challenge the 100 

reasons you gave.  101 

You both need to be able to agree on and explain the match of every card.  102 

Some graphs are missing information, such as a scale along an axis. You will need to add this scale. 103 

Slide 9 of the projector resource summarizes how students should work together. 104 

The purpose of this structured group work is to make students engage with each other’s explanations, and take 105 

responsibility for each other’s understanding.  106 

If some students are finding this matching difficult then give them the cards Flowing Liquid. Students are to 107 

match one of these cards with two of the Graph cards.  108 

Encourage students to spend some time first thinking about how they intend to complete the task. 109 

While students work in small groups move around the class, noting different student approaches to the task, and 110 

supporting student reasoning.  111 

© 2011 MARS, University of Nottingham Alpha Version September 2011 Projector Resources:  
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Note different student approaches to the task  112 

Notice how students make a start on the task, where they get stuck, and how they respond if they do come to a 113 

halt. Do students assume that two matched Graph cards must have the same vertical intercept? Do students pay 114 

attention to the scale? Are students figuring out the slope and if so do they use ratios or fractions? Do students 115 

look at multiple attributes of each graph? You can use this information to focus a whole-class discussion towards 116 

the end of the lesson.  117 

Support student reasoning  118 

Try not to make suggestions that move students towards a particular placement. Instead, ask questions to help 119 

students to reason together.  120 

If students get stuck you may want to ask: 121 

Can you think of one specific question you want to ask? 122 

This question requires students to think carefully about the task, and in so doing may help them to get started on 123 

the task. Either answer the question yourself, or ask a member of the group to answer the question. 124 

State one thing this graph tells you about the flow of the liquid. Now tell me another. 125 

What is the start height of the liquid? What must be the start height for its connecting prism? 126 

How many seconds is the liquid flowing? How many seconds must the liquid be flowing in the 127 

connecting prism? 128 

How is the speed of flow of liquid represented in this graph? What is it? 129 

To ensure students are explaining their reasoning to one another, you may want to ask: 130 

Amy matched these two cards. Andrew, why does Amy think these two cards go together? 131 

If you find the student is unable to answer that question, ask them to discuss the matching further. Explain to the 132 

group that you will return in a few minutes to ask a similar question. 133 

Taking two lessons to complete all activities 134 

If you decide to extend the lesson over two periods then five minutes before the end of the first lesson ask 135 

students to note down their existing card matches. They are then to paper clip all their cards together.  136 

At the start of the second lesson spend some time reminding the class about the activities. 137 

Sharing Work (10 minutes)  138 

As students finish matching the cards, ask one student from each group to visit another group's desk.  139 

If you are staying at your desk, be ready to explain the reasons for your group's graph matches.  140 

If you are visiting another group, copy your matches onto a piece of paper.  141 

Go to another group's desk and check to see which matches are different from your own. If there are 142 

differences, ask for an explanation. If you still don't agree, explain your own thinking.  143 

When you return to your own desk, you need to consider as a group whether to make any changes to 144 

your own work. 145 

You may want to use Slide 10 of the projector resource to display these instructions. 146 

 147 

 148 

149 
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Collaborative activity 2: Matching Equations and Prisms (15 minutes) 150 

As groups complete the Sharing Work activity give them the Equation cards. 151 

These cards represent algebraically the flow of liquid.  152 

You are now to match each of these cards with the cards already on your desk. 153 

If there is no equation, make one up! 154 

Again encourage students to spend some time first thinking about how they intend to complete the task. 155 

Support the students as in the first collaborative activity. 156 

For this equation, before liquid starts to flow, what is the height of the liquid? How do you know? 157 

Does this equation represent the top or bottom prism? How do you know? 158 

How is the speed of flow represented in this equation? 159 

As students finish the matching give to each group the Flowing Liquid cards.  160 

These cards show the situation of the prisms before water has started to flow from the top prism to the bottom 161 

one. Students should add any missing information to the cards. 162 

Give out a large sheet of paper for making a poster and a glue stick. When students are satisfied with all their 163 

card matches, they are to glue all the cards onto the paper. 164 

Whole class discussion (15 minutes) 165 

Organize a discussion about what has been learned.  166 

Depending on how the lesson went, you may want to focus on the common mistakes students made, review what 167 

has been learnt and/or extend and generalize the math. 168 

Write on the board the equation  169 

h = 5t + 1 170 

Ask the following questions in turn. 171 

This equation describes the flow of liquid in one of the prisms of the container.  172 

On your whiteboards write an equation that describes the flow of the liquid in the other prism of the 173 

same container.[h = –5t + 5.] 174 

On your whiteboards write an equation that describes the flow of a liquid in this prism that takes half 175 

the time.  176 

[h = –10t + 5 or  h = –5t + 2.5, when h = 0 t = 0.5 ] 177 

On your whiteboards write an equation that describes the flow of liquid that takes one second longer. 178 

[h = –2.5t + 5, when h = 0 t = 2.] 179 

Ask two or thee students with different equations to explain them. Encourage the rest of the class to challenge 180 

their answers. 181 

Make up your own equation.  182 

Describe how the flow of liquid described by this equation compares to the flow described by the 183 

equation on the board. 184 

 185 

 186 
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Improving individual solutions to the assessment task (10 minutes) 187 

Return to the students their response to the original assessment task, as well as a copy of the task The Race 188 

(revisited.) 189 

To connect the lesson activity with the assessment you may first want to ask students: 190 

What do the two measurements for the distance run, s and f, have in common with the measurement of 191 

the liquid in the two prisms of each container? [As one measurement increases the other decreases at 192 

the same rate. In the race, as the distance from the start increases, then the distance from the finishing 193 

line decreases at the same rate. The total disance, s + f is constant (70) throughout the race. In the 194 

container, as the liquid in the bottom prism increases then the liquid in the top one decreases at the 195 

same rate. The total liquid in the top and bottom container is constant (6).] 196 

Ask students to look again at their original individual solutions to the problems, together with your comments.  197 

Read through your original solutions to The Race problems.  198 

Make some notes on what you have learned during the lesson.  199 

Now have a go at the second sheet: The Race (Revisited). Can you use what you have learned to 200 

answer these questions?  201 

If you have not added questions to individual pieces of work then write your list of questions on the board. 202 

Students should select from this list only the questions they think are appropriate to their own work. If you are 203 

short of time, then you could set this task in the next lesson or for homework. 204 

Solutions 205 

Assessment Task: The Race.  206 

1.  Emma. The slope of Emma's line is greater than Maggie's line.  207 

2. s = 2t + 30. 208 

3. Maggie starts the race 30 meters ahead of Emma. Emma runs 70 meters, Maggie runs 40 meters. 209 

Maggie runs at the constant speed of 2 meters per second. Emma runs at the constant speed of 5 meters 210 

per second. After 10 seconds Emma overtakes Maggie. Emma completes the race in 14 seconds, 211 

Maggie completes it in 20 seconds. 212 

4. a. 213 

  214 

b.  f = –2t + 40215 
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Collaborative activities 216 

 
E12       h = 2t + 4 

 
E5        h = –2t + 2 

F6 Change in 
height: 2 cm 
per second 

 

 
E3         h = t + 4 

 
E9       h = –t + 2 

F3 Change in 
height: 1 cm 
per second

 

 
E4         h = 4t + 2 

 
E6       h = –4t + 4 

F4 Change in 
height: 4 cm 
per second 

 

 
 

E2         h= 2t 

 
 

E8      h = –2t + 6 

F5 Change in 
height: 2 cm 
per second 

 

 217 

 218 

 219 

 220 

 221 

 222 

 223 
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Collaborative activities (continued) 224 

 
E7        h = t 

 
E1       h = –t  + 6 

F1 Change in 
height: 1 cm 
per second 

 

 
E10       h = 2t  + 2 

 
E11      h = –2t -+ 4 

F2 Change in 
height: 2 cm 
per second 

 

Assessment Task: The Race (revisited)  225 

1.  Wayne. The slope of Wayne's line is greater than Bob's line.  226 

2. s = t + 18. 227 

3. Bob starts the race 18 meters ahead of Wayne. Wayne runs 40 meters, Bob runs 22 meters. Bob runs at 228 

the constant speed of 1 meters per second. Wayne runs at the constant speed of 4 meters per second. 229 

After 6 seconds Wayne overtakes Bob. Wayne completes the race in 10 seconds, Bob completes it in 230 

22 seconds. 231 

4. a. 232 

  233 

b. f = –t + 22  234 
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The Race 
Maggie and Emma race each other along a straight running track.  

Maggie starts some distance ahead of Emma. 

The graph describes the race. 

 

1.  After five seconds, who is running the fastest? Explain your answer. 

 

 
 

2. Emma's line can be represented by the equation: 

    s = 5t   s is the distance, in meters, from the Starting Place.  
      t is the time, in seconds, from the start of the race. 

 What is the equation that represents Maggie's line? 

 

 

3. Describe what happens in the race.  
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The diagram below shows the distance a runner is from the Starting Place and from the Finishing 
Line. 

 

4. The following equation can also be used to describe Emma's race: 

    f = -5t  + 70  f  is the distance, in meters, from the Finishing Line.  

       t  is the time, in seconds, from the beginning of the race. 

 a.  Plot this line on the graph.  

 

 

 

 

 

 

On this graph the distance 
is measured from the 
runner to the finish, not the 
start. 

    
b.  Add a line to the graph that represents Maggie's race. 

c. What is the equation of this second line? 
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Cards: Graphs 1 
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Cards: Graphs 2 
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Cards: Equations 

E1 

h = –t + 6 

E2 

h = –2t + 6 

E3 

h = t + 4 

E4 

h = 4t + 2 

E5 

h = –2t + 2 

E6 

h = –4t + 4 

E7 

h = t 

E8 

h = 2t 

E9 

h =  –t + 2 

E10 

h = 2t + 2 

E11 

h =  –2t + 4 

E12 
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Cards: Flowing Liquid 

F1 Change in height: 1 cm per second 

 

F2 Change in height: 2 cm per second 

 

F3 Change in height: 1 cm per second 

 

F4 Change in height: _ _ _ cm per second 

 

F5 Change in height: _ _ _ cm per second 

  

F6 Change in height: 2 cm per second 
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The Race (revisited) 
Wayne and Bob race each other along a straight running track.  

Bob starts some distance ahead of Wayne. 

The graph describes the race. 

 

1.  After four seconds, who is running the fastest? Explain your answer. 

 

 
 

2. Wayne's line can be represented by the equation: 

     s = 4t   s  is the distance, in meters, from the Starting Place.  
       t  is the time, in seconds, from the start of the race. 

 What is the equation that represents Bob's line? 

 

 

3. Describe what happens in the race.  

 

 

 

 

 

0 
2 
4 
6 
8 

10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
34 
36 
38 
40 

0 2 4 6 8 10 12 14 16 18 20 22 

D
is

ta
nc

e 
Fr

om
 S

ta
rt

in
g 

B
lo

ck
 

(y
ar

ds
) 

Time (seconds) 

Wayne 

Bob 



Lines and Linear Equations Student Materials Alpha Version December 2011 

© 2011 MARS University of Nottingham  S-8 

The diagram below shows the distance a runner is from the Starting Place and from the Finishing 
Line. 

 

4.The following equation can also be used to describe Wayne's race: 

   f = -4t  + 40  f is the distance, in meters, from the Finishing Line.  

      t  is the time, in seconds, from the beginning of the race. 

 a.  Plot this line on the graph.  

 

 

 

 

 

 

On this graph the distance 
is measured from the 
runner to the finish, not the 
start. 

    
b.  Add a line to the graph that represents Bob's race. 

c. What is the equation of this second line? 
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Flowing Liquid 
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The end of liquid flowing out of the top prism 
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1.  The graphs represent the flow of a liquid either out of the top prism or into 

the bottom prism of the container. 

2.  Take it in turns to match two cards that represent the movement of water in 
one container.  

3.  Place the cards  next to each other, not on top so that everyone can see. 

4.  When you match two cards, explain how you came to your decision.  

5.  Your partner should either explain that reasoning again in his or her own 
words, or challenge the reasons you gave.  

6.  Some graphs are missing information, such as a scale along an axis. You 
will need to add this scale. 

You both need to be able to agree on and explain the match of every card. 
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Sharing Work 

10 

1.  If you are staying at your desk, be ready to explain the reasons for your 
group's graph matches.  

2.  If you are visiting another group, copy your matches onto a piece of paper. 

3.  Go to another group's desk and check to see which matches are different 
from your own. If there are differences, ask for an explanation. If you still 
don't agree, explain your own thinking.  

4.  When you return to your own desk, you need to consider as a group 
whether to make any changes to your own work. 
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